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Abstract. In this paper we prove the Zariski-Lipman conjecture for log canonical spaces. 
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. 1. Introduction 

a ' 

The Zariski-Lipman conjecture asserts that a complex variety X with a locally free tangent sheaf Tx is nec- 
essarily smooth ( |Lip65| ). The conjecture has been shown in special cases; for hypersurfaces or homogeneous 
complete intersections f |Hoc751 ISS72] ). for local complete intersections ([ Kalll| ). for isolated singularities 
in higher-dimensional varieties |vSS851 Sect. 1.6], and more generally, for varieties whose singular locus has 
■ codimension at least 3 jFleSSj . 

The Minimal Model Program was initiated in the early eighties as an attempt to extend the birational 
' classification of surfaces to higher dimensions. It became clear that singularities are unavoidable in the 

ly^ I birational classification of higher dimensional complex projective varieties; this led to the development of a 

powerful theory of singularities of pairs (see Definition 13.41 for basic notions, such as kit and log canonical 
I singularities). The class of log canonical singularities is the largest class of singularities where the conjectures 

ff^ ■ of the Minimal Model Program are expected to hold. 

The Zariski-Lipman conjecture has been shown for kit spaces in |GKKPlT] (see also [ADlll Corollary 
5.7]). In this paper we prove the conjecture for log canonical spaces. Notice that log canonical spaces in 
, , , general have singularities in codimension 2. 

E>N ■ 

$H . Theorem 1.1 (Zariski-Lipman conjecture for log canonical spaces). Let X be a log canonical space such 



that the tangent sheaf Tx is locally free. Then X is smooth. 

We remark that the results hold as well for singularities of complex analytic spaces, and algebraic varieties 
defined over a field of characteristic zero. 

The paper is organized as follows. In section [5] we study entire solutions of a particular system of 
polynomial equations. In Section [3] we review basic definitions of singularities of pairs, and the notion of 
canonical desingularization. In section 2] we recall the Camacho-Sad formula, and provide applications to 
surfaces with trivial logarithmic tangent sheaf (see Proposition 14. 8p . The proof of Theorem 11.11 occupies 
section [5l 

Notation and conventions. Throughout this paper, we work over the field of complex numbers. Varieties 
are always assumed to be irreducible and reduced. We denote by Sing(X) the singular locus of a variety X. 
If X is a variety, we denote by Tx the tangent sheaf of X. 
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2. Preliminaries 

Let r be a positive integer, and let ei, . . . , Cr be complex numbers. We define the rational fmiction $61,. ..,6^ 
by the formula 



*ei,...,e,(a;) 



1 



1 



62 



ei — X 



Notice that 

(2.1) *ei,...,e.(a;) 



Write 



*ei,....e,,(a:) 



ar(ei, . . . , er)x + br{ei, . . . , e^) 



(2.2) 



Cr(ei, . . . , er)x + dr{ei, ...,er) 
where a^, 6r, Cr, dr G ^[zi, . . . , z,-]. 

Suppose that r ^ 2. Then, by p.ip . we have 

0^(2:1,..., Zr) = Cr-l(zi, . . . ,Zr--l) 

6^(2:1, ^r) = fir-l(2l, 2:^-1) 

Cr{zi, . . . ,Zr) = ZrCr-l(2l, . . . , Zr-l) - ar-l(zi, ■ ■ ■ , 2r-l) 

(ir(2l, . . . , 2r) = Zrdr~l{zi, . . . , Zr-l) — br-l{zi, . . . , Zr-l), 

{ai(zi) = r 02(21,2:2) = -1 

61(21) = 1 ^^^^ 62(21,22) = 21 

Cl(2l) = -1 62(21,22) = -22 

dl(2l) = 21 [ £^2(21, 22) = 2221 - 1. 

Thus, for any r ^ 3, we obtain 

{brizi,...,Zr) = Zr-lbr-lizi,...,Zr-l)-br-2izi,...,Zr-2) 
61(21) = 1 
62(21,22) = 21. 

Note that br £ C[2i, . . . , 2^-1]. 

We denote by the symmetric group on r letters. The proof of Theorem 15.21 makes use of the following 
elementary result. 

Lemma 2.5. Let r be a positive integer, and let ei,...,er be integers. Suppose that for any s G 
^e,^i-),...,e^fr-)ix) — X as rational functions. Then ei = • • • = Cr, and ei G { — 1,0, 1}. 

Proof. Notice that ^ei....,er{x) — x (as rational functions) if and only if 0^(61, e^) = dr{ei, . . . ,er), 
br{ei, . . . , er) = 0, and c,-(ei, . . . , e^) = 0. Note also that we must have r ^ 2. 

If r = 2, then 62(61,62) = 61 = 0, and 62(61,62) — —62 = 0. Thus 61 = 62 = 0. 

Suppose that r ^ 3. Then 

= ^ei,...,e^ix) = x, 



Cr-l - $ei,...,e,_2(2^) 

and hence 

(1 — er_i6r)a; + 6^-1 



.1, 6,-) with (6 

*ei,...,e.„,(a;) 



Now, by replacing (ei, . . . , 6^-2, e^-i, 6,-) with (61, ... , 6^-2, 6^, 6^-1), we obtain 

(1 — er-ier)x + Cr 
1 — Cr-lX 
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This yields e^-i = e^. This easily implies that ei = ■ ■ ■ = Cr- 

Suppose that r = 3. Then 63(61, 62, 63) = 6162 — 1 = — 1 = 0. Therefore, either ei = 62 = 63 = 1, or 
ei = 62 = 63 = -1. 

Suppose that r ^ 4. We assume from now on that 61 7^ 0. Hence 6^ 7^ for alH G {1, . . . , r}. 
Let 2 ^ fc ^ r be an integer such that bk{ei, . . . , ek) — 0, and bk-i{ei, . . . , Ck-i) ^ (recall that 
6i(^i) = l). 

li k — 2, then 61 — 0, yielding a contradiction. Thus fc ^ 3, and by ()2.4p . we must have 



efc-i6fc-i(6i,...,6fe_i) = 6A;-2(ei,---,efe_2)- 

Thus 6fe_i divides &fc-2(6i, . . . ,6fc_2), and since 61 = • • ■ = 6fe_2, 6fe_i divides 6^-2(0, ... ,0). On the other 
hand, 6fc_2(0, . . . , 0) G { — 1,0,1} by (|2.4p again. Thus Ck G {—1,0,1}, completing the proof of Lemma 
211 □ 



Remark 2.6. $o,....o(a^) = a; if and only if r = 0(mod2), <&i....,i(a;) = x if and only if r = 0(mod3), and 
<f>_i -i(a;) — a; if and only if r = 0(mod3). 

3. Canonical desingularizations, and the Zariski-Lipman conjecture for klt spaces 

3.1 (Logarithmic tangent sheaf). Let y be a nonsingular variety of dimension n ^ 1, and A C a divisor 
with simple normal crossings. That is, A is an effective divisor and its local equation at an arbitrary point 
y € Y decomposes in the local ring ffy into a product yi ■ ■ ■ yk, where yi, . . . ,yk form part of a regular system 
of parameters (yi, . . . , y„) of ^y. Let 

ry(-logA) CTy = Derc(^F) 

be the subsheaf consisting of those derivations that preserve the ideal sheaf (— A). One easily checks that 
the logarithmic tangent sheaf Ty{— log A) is a locally free sheaf of Lie subalgebras of Ty, having the same 
restriction to y \ A, and hence the same rank n. 

If A is defined at y by the equation yi ■ ■ ■ yk = as above, then a local basis of Ty(— logA) (after 
localization at y) consists of 

yidi, . . . ,ykdk,dk+i,. . . ,9„, 
where {di, . . . , 9„) is the local basis of Ty dual to the local basis (dyi, . . . , rfj/n) of ily. 

A local computation shows that Ty(— logA) can be identified with the subsheaf of Ty containing those 
vector fields that are tangent to A at smooth points of A. 

The dual of ry(— logA) is the sheaf f2y(logA) of logarithmic differential 1-forms, that is, of rational 
1-forms a on y such that a and da have at most simple poles along A. 

The top exterior power f\'^Ty{— log A) is the invertible sheaf 0'y{—Ky~/^), where Ky denotes a canonical 
divisor. 

We will need the following observation. 

Lemma 3.2. Let Y be a smooth variety of dimension at least 2, and A C 1" a divisor with simple normal 
crossings. If H C.Y is a smooth hypersurface such that An H is smooth of pure codimension 2 in X, then 
there is an exact sequence 

^ .^^/y 17i-(log A)|^ n\j{\ogA\H) ^ 0. 

Proof. Consider the composite map a : -/^/y — > ^y\h ^ ^y^^?>^)\h^ and the morphism /3 : riy(log A)|^ 
r2^(log A|^) induced by the restriction map. A local computation shows that a and j3 yield an exact sequence 
as claimed. □ 

3.3 (Singularities of pairs). We recall some definitions of singularities of pairs, developed in the context of 
the Minimal Model Program. 

Definition 3.4 (See [KM98[ section 2.3]). Let X be a normal variety, and -B = (^i^i an effective Q-divisor 
on X, i.e., i? is a nonnegative Q-linear combination of distinct prime Weil divisors BiS on X. Suppose that 
Kx + B \s Q-Cartier, i.e., some nonzero multiple of it is a Cartier divisor. 

Let TT : y — > X be a log resolution of the pair {X,B). This means that y is a smooth variety, tt is a 
birational projective morphism whose exceptional set Exc(7r) is of pure codimension one, and the divisor 
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Ei + TT^ has simple normal crossings, where the EiS are the irreducible components of Exc(7r). There 
are uniquely defined rational numbers a{Ei,X, Bys such that 

Ky + 7::^B = 7r*{Kx + B) +Y, a{E,,X, B)E,. 

The a{Ei,X, _B)'s do not depend on the log resolution tt, but only on the valuations associated to the Ei's. 
Let 

discrep(X, B) = mi{a{E, X, B)} 

E 

where E runs through all the prime exceptional divisors of all projective birational morphisms. Then, either 
discrep(X, i?) — — oo, or —1 ^ discrep(X, i?) ^1. li X is smooth, then discrep(X, 0) = 1. 

We say that {X, B) is log terminal (or kit) if all ai < 1, and, for some log resolution n : Y ^ X oi {X, B), 
a{Ei, X, B) > —1 for every 7r-exceptional prime divisor Ei. We say that {X,B) is log canonical if all Oi ^ 1, 
and, for some log resolution ir : Y ^ X of {X,B), a{Ei, X, B) > — 1 for every 7r-exceptional prime divisor 
Ei. If these conditions hold for some log resolution of (X,B), then they hold for every log resolution of 
{X,B). Moreover, {X,B) is log canonical (respectively, kit) if and only if discrep(X, B) ^ —1 (respectively, 
discrep(X, S) > —1 and all < 1). 

We say that X is kit (respectively log canonical) if so is {X, 0). 

3.5 (Canonical desingularization). In the proofs of Theorems 11.11 and 13.81 we will consider a suitable reso- 
lution of singularities, whose existence is guaranteed by the following theorem. 

Theorem 3.6 ( [Kol07[ Theorems 3.35, and 3.45] and [GKKlOi Corollary 4.7]). Let X be a normal variety. 
Then there exists a resolution of singularities n : Y ^ X such that 

(1) TT is an isomorphism over X \ Sing(X), and 

(2) 7r*Ty(— logA) ~ Tx where A is the largest reduced divisor contained in 7r~^(Sing(X). 

Notice that Supp(A) = Exc(7r). In particular, A has simple normal crossings. We call a resolution tt as 
in Theorem 13.61 a canonical desingularization of X. 

3.7 (Zariski-Lipman conjecture for kit spaces). Recall from [GKKPlT] that the Zariski-Lipman conjecture 
holds for kit spaces (see also [ADlli Corollary 5.7] for related results). We reproduce the proof from |AD111 
Corollary 5.7] for the reader's convenience. 

Theorem 3.8 ( |GKKPllj ). Let X be a kit space such that the tangent sheaf Tx is locally free. Then X is 
smooth. 

Proof. We assume to the contrary that Sing(X) 0. Let tt :Y ^ X he a canonical desingularization of X, 
and let A be the largest reduced divisor contained in 7r~^(Sing(X)). Note that A ^ since Sing(X) ^ 0. 
Consider the morphism of vector bundles 

TT*Tx ^TT*iTT,TYi-logA)) ^Tri-logA), 

where 7r*(7r*Ty(— log A)) ry(— logA) is the evaluation map. It induces an injective map of sheaves 

TT*ffx{-Kx) ^ TT* det(rx) ^ det(Ty(-logA)) ~ ffyi-Ky - A). 

This implies that a(Ai,X) ^ —1 for any irreducible component A^ of A, yielding a contradiction and 
completing the proof Theorem 13.81 □ 

Remark 3.9. We have the following reformulation of Thcorcm l3.8l Let X be a variety such that the tangent 
sheaf Tx is locally free. If X is not smooth, then discrep(X) G {— oo, —1}. 

4. The Camacho-Sad formula 

4.1 (Foliations). A (singular) foliation on a smooth complexe analytic surface is a locally free subsheaf 
of rank 1 such that the corresponding twisted vector field v G H^{X, Ts®.^®~^) has isolated zeroes. 
Its singular locus Sing(^) is the zero locus of v. Considering the natural perfect pairing Vig (g) — >■ wg, we 
see that C.Ts gives rise to a twisted 1-form with isolated zeroes lo E H'^{X, ilg ^) with ^ = ojs ^ ^ ■ 
Conversely, given a twisted 1-form w G i7''(X, fig. ® ^) with isolated zeroes, we define a foliation as the 
kernel of the morphism Tg ^ S£ given by the contraction with uj. 
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4.2 (Camacho-Sad formula). Let C C S* be a compact Jf-invariant curve, and let p € C fl Sing(^). Let 
w be a local 1-form defining ^ in a neighborhood of p, and let / be a local equation of C at p. Then 
there exist nonzero local functions g and h, and a local 1-form rj such that / and h are relatively prime and 
guj — hdf + fr] (see |Suw95[ Lemma 1.1]). Following jSuw95| . we set 

CS{^, C,p) = -Resp^'nic- 
The right hand side depends only on ^ and C. 

Example 4.3. Let {x, y) be local coordinates at p. Suppose that ^ is given by the local 1-form lo = 
Xx{l + o{l))dy — fiy{l + o{l))dx with ^ 0. Set p = (0,0), and let C be the invariant curve defined by 
x = 0. Then CS(^,C,p) = ^. 

We can now state the Camacho-Sad formula (see jSuw95[ Theorem 2.1], see also |CS82| ]). 

Theorem 4.4 (Camacho-Sad formula). Let ^ he a foliation on a smooth complex analytic surface S , and 
let C C S be a compact -invariant curve. Then 

C'= CS(if,C,p). 

p6CnSing(^) 

4.5. Here we give some applications of the Camacho-Sad formula. The following two are immediate conse- 
quences of Theorem 14.41 of independent interest. 

Lemma 4.6. Let S be smooth surface, £2 a line bundle on S , and Ts ^ ^ a surjective map of sheaves. Let 
C C X be a smooth complete connected curve of genus g. //degp(cS) < 2~2g, then g — 0, and deg(j{^) = 0. 

Proof. Let ^ be the kernel of Ts =S. Suppose that deg(^(^) < 2 — 2g. Then the composite map 
Tc Ts\c ^ is the zero map, and hence Tc — Q ^S|C) ^^'^ ^C/S — ^\C- In particular, C is a 
leaf of the regular foliation by curves ^ C.Ts. By the Camacho-Sad formula (see Theorem 14. 4p . we must 
have degf;(^) — — Q. This completes the proof of Lemma l4!6l □ 

Corollary 4.7. Let S be smooth surface, £S a line bundle on S , and Ts ^ ^ a surjective map of sheaves. 
Let C C X be a smooth complete connected curve of genus 5^1. Then degp(=S) ^ 0. 

The next result is crucial for the proof of Theorem 11.11 

Proposition 4.8. Let S be smooth surface, and let C C S be a possibly reducible complete curve with simple 
normal crossings. If Ts{—\ogC) ~ © ^S, then the intersection matrix of irreducible components of C is 
not negative definite. 

Proof. Let C" be a connected component of C, and set C" = C \ C . Then, up to replacing S* by S* \ C", we 
may assume that C is a connected curve. 

We denote the irreducible components of C by Ci, . . . , Cr [r ^ 1). RecaU that the dual graph F of C is 
defined as follows. The vertices of F are the curves Ci, and for i ^ j, the vertices Ci and Cj are connected 
by Ci ■ Cj edges. 

We argue by contradiction and assume that the intersection matrix {Ci ■ Cj}i_j is negative definite. 
Notice that ^siKg) ~ ^s(-C) since det(rs(- logC)) ~ ^si-Ks - C), and rs(-logC) ~ © ^s- 
By the adjunction formula, for 1 ^ i ^ r, we have 

^c.(i^cj ^ €?s(ifs + a)|c. ^ ^cA-T.Cj\c,)^ 

and hence 

degc,(^c.(i^cj = 2giC,) - 2 = - ^degc^(^c.(Q|c,)) «. 

Thus, one of the following holds. 

(1) Either C is irreducible, and g{C) = 1, or 

(2) r ^ 2, Ci ~ for all 1 ^ i ^ r and the dual graph of C is a cycle. 
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Suppose first that C is irreducible with g{C) = 1. Recall that there is a surjective map of sheaves 
Ts{— log C) -^Tc- On the other hand, Ts{— log C) ~ (?s®^S- Hence, there exists a non-zero global vector 
field V 6 H°{S,Ts{-\ogC)) C H^{S,Ts) such that v^c ^ 0. Since Tc ~ ^c, v{s) ^ for any s e C. Set 
^ = C Tg. Then, C is a complete ^-invariant curve, disjoint from the singular locus Sing(^). Thus, 
by the Camacho-Sad formula (see Theorem 14. 4p . we must have = 0, yielding a contradiction. 

Suppose that r ^ 2, Ci ~ for any 1 ^ i ^ r and that the dual graph of C is a cycle. If r = 2, then 
Ci n C2 = {pi,P2} with pi ^ p2- Suppose that r ^ 3. By renumbering the Ci's if necessary, we may assume 
that for each i G {1, . . . , r}, Ci meets C\Ci hi pi G C,i_i and Pi+i G C^+i, where C^+i = Ci. Note that 
Pr+l = Pi 

Let Vfe G Ts{- log C)) C Ts) for A: G {1, 2} such that Ts(- log C) ~ ^s^i © ^SW2- Let A G C. 

Set vx = vi + Xv2, and = ^s^^a ^ Ts- 

Set Co = Cr. Fix j G {1, . . . , r}, and let {xi,yi) be local coordinates at such that Xi (respectively, t/i) 
is a local equation of Ci_i (respectively, C,) at p^. Then Xidxi and 2/^9^^ are local generators of Ts{— logC) 
at Pi. Therefore, there exist local functions ai,bi,Ci,di at pi such that the matrix 

ai hi 

Ci di 

is invertible, and such that 

vi = ai{xi,yi)xidx,+hi{xi,yi)yidy^, 
V2 = Ci(xi,yi)xidx,+ di(xi,yi)yidy^. 

Thus 

v\ = {ai{xi,yi) + Xci{xi,yi))x.,dxi + {h{xi,yi) + Xdi{xi,yi))yidy,, 
and a local generator for ^\ is given by the 1-form 

Lox = [ai{xi,yi) + \ci{xi,yi))xidyi - {bi{xi,yi) + \di{xi,yi))yidxi 

= {ai{pi) + AQ(pi))a;i(l + 0(1))% - {hipi) + Xd^{pi))yi{l + o{l))dx^. 

This implies that for A G C \ {-^, . . . , 

(1) i/x vanishes exactly at {pi, . . . 

(2) CS(ifA,C,_i,p,) = ;::g:;+Ad;(p;) (see Examples^; 

(3) CS(^a,Q,k) = (see Examples^. 

In particular, Jifx Ts is a foliation by curves on Sing(^A) = {pi, ■ ■ ■ ,Pr}, and CS{Ji'x, Ci,pi) 
1 

Set Ci = Cf G Z. Notice that for each i G {1, . . . , r}, we have 

CS(JfA,C^+i,K+i) = cs(^A,c.,p.+i) by (3) 



^ by the Camacho-Sad formula 

Set XX = CS(i-A,Ci,pi) = Then 



ei-CS(^A,Ci,pi) 

ai(Pl) + -'^ci(pi) 



lA = CS(^A,Ci,pi) = CS(JfA,a+l,Pr+l) ^ 



e,-CS(ifA,a,P.) 

1 1 



-CS(^A,C,_i,p,_i) 



*ei,...,e,(a;A) 



62 



ei-CS(JfA,Ci,pi) 



toranyAGL.\| dTI^' --JTbTy' " ' " ' " d^^' ~ Mp^TJ " 
This implies that 
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as rational functions. And similarly, if s e S^, then 

By Lemma [2?5| we must have ei = ■ ■ ■ = Cr = —1, yielding a contradiction since (Ci +C2)^ = — 2 + 2Ci -(72 ^ 
0. This completes the proof of Proposition 14.81 □ 



5. Proof of Theorem 11.11 
We will use the following theorem to reduce to the surface case. 

Theorem 5.1 f |Fle881 Corollary]). Let X be a variety such that the tangent sheaf Tx is locally free. If 
codimjf Sing(X) ^ 3, then X is smooth. 

We are now in position to prove our main result. Notice that Theorem 1 1.1 1 is a immediate consequence of 
Theorem 15.21 below. 

Theorem 5.2 (Zariski-Lipman conjecture for log canonical pairs). Let {X,B) be a log canonical pair such 
that the tangent sheaf Tx is locally free. Then X is smooth. 

Proof. Notice first that Kx is Cartier since the tangent sheaf Tx is locally free. This implies that X is log 
canonical as well. 

Let us assume to the contrary that Sing(X) ^ 0. By Theorem 15. 1[ we have codimxSing(X) — 3. By 
replacing X with an affine open dense subset, we may assume that X is affine, and that Sing(X) is irreducible 
of codimension 2. We may also assume without loss of generality that Tx — 

Let TT : y — X be canonical desingularization of X, and let A be the largest reduced divisor contained 
in 7r^^(Sing(X)). Note that A 7^ 0. As in the proof of Theorem 13.81 we consider the morphism of vector 
bundles 

^*rx ^Ty(-logA), 

and the induced injective map of sheaves 

TT*ffx{-Kx) ^ TT* det(Tx) ^ dct(ry(- log A)) ~ ffyi-Ky - A). 

This yields a{Ai,X) ^ —1 for any irreducible component A^ of A. Thus that a{Ai,X) = —1 since X has 
log canonical singularities, and we have an isomorphism 

7r*rx ~ry(-logA). 

Suppose that dim(X) ^ 3. Let Gi C AT be a general hyperplane section, and set Hi = tt^^{Gi) C Y. 
Then Gi is a normal affine variety (see for instance |BS95[ Theorem 1.7.1]). Moreover Hi is smooth, and 
A n iJi has simple normal crossings by Bertini's Theorem. By Lemma [321 there is an exact sequence 

^ J^j^^/Y ^ f^^(log A)|^^ ^ nh^ilogA^H,) ^ 0. 

Note that ^^^^/y — t^*^g-^/x — ^y- Thus, there exist regular functions gi,...,gr on Gi such that the 
map - '-^H,/Y ^ ^Y(}ogA)^j^^ ~ is given by gi o 7r\H^,---,gr ° t^\Hi- Let i e {1,. . .,r} 

such that ffi|//inSing(x) 7^ 0- Then, by replacing X with X \ {gi = 0} if necessary, we may assume that 
(log A\Hx) — (and A ^ 0). Let G2, . . . , Gdim(x)-2 C A be a general hyperplane sections, and 

set H, = TT-^{Gi) cY,S^Hin-- •ni?dim(x)-2, C = AnHi ■ ■ •nffdim(x)-2, and T = GiH- ■ •nGdim(x)-2 = 
7t{S). Then S is smooth, and G has simple normal crossings. Proceeding by induction, we conclude that 
by replacing T with an appropriate open subset, we may assume that T5(— logG) ~ (and G 7^ 0). 

Observe that the induced morphism ir^g: 5 — > T is birational with exceptional locus G. This implies that 
the intersection matrix of irreducible components of G is negative definite. But this contradicts Proposition 
14. 8[ completing the proof of Theorem 15.21 □ 
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